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Abstract 
Let G = (V, E) be a finite directed graph. A subset X of V is an interval of G if for a, b ~ X and 
xe V - X, we have axeE (resp. xaeE) if and only if bxeE (resp. xb~E). So 0, V and every 
singleton are intervals of G (called trivial intervals). The graph G is said to be indecomposable if 
every interval is trivial. In this work, we study the induced subgraphs of an indecomposable 
graph which are also indecomposable. In particular, we prove: 
Theorem. Let G = (V, E) be an indecomposable 9raph and let X be a subset of V such that 
IXI t> 3, iV - XI /> 6 and G(X) is indecomposable. Then there is a subset Y ofV fulfillin9 X ~_ Y, 
i V - Y I = 2 and G(Y) is indecomposable. 
1. Introduct ion 
A (directed) 9raph G consists of a finite set V of vertices together with a prescribed 
collection E of ordered pairs of distinct vertices, called the set of edges of G. Such 
a graph G will be denoted by (V,E).  If X is a subset of V, then the graph 
(X, Ec~(X x X)) will be denoted by G(X) and called (induced) subgraph of G. In this 
paper,  the cardinal  of a set A will be denoted by IA L. 
The following not ion of interval was introduced by Fra'iss6 [5] (the not ion of 
interval for undirected graphs is rather old and there are quite a few papers devoted to 
it, see for instance Buer and M6hr ing [2]). Let G = (V, E) be a graph, a subset X of 
V is an interval of G when for a, b ~ X and x e V - X, we have ax E E if and only if 
bx ~ E and xa ~ E if and only if xb ~ E. For  example, this not ion is the classic notion of 
interval whenever G is a l inear order ing < on the set V (xyeE  means x < y). We 
recall the following propert ies of intervals obtained in [5]. 
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Proposition 1. Let G = (V, E) be a graph and let I be the set of intervals of G. 
(1) V, 0~I  and for x~ V, {x} el .  These intervals are called trivial intervals of G. 
(2) I f  X, Ye I ,  then X~Ye I .  
(3) I f  X, Ye I  and if Xc~Y 50 ,  then XwY~I .  
(4) I f  X,  Y~I  and if the set X - Y = {x~X/xCY} is not empty, then Y - X6 I .  
(5) I fW ~_ V and if XE I ,  then XnW is an interval of the subgraph G(W). 
A graph G is indecomposable if all the intervals of G are trivial. Otherwise we say 
that G is decomposable. 
The decomposable graphs were studied by Galla'i 1-6] who found a decomposition 
theorem. This theorem was generalized to the edge-colored graphs by Ehrenfeucht 
and Rozenberg [3]. 
The first results concerning indecomposable subgraphs of an indecomposable 
graph were obtained by Schmerl and Trotter 1-10] (see also [4, 8]). From these results 
we shall use the following. 
Proposition 2. (1) I f  G = (V, E) is an indecomposable graph and if [VI ~> 5, then there is 
X ~_ V such that IXJ = 3 or 4 and the subgraph G(X) is indecomposable. 
(2) Let G = (V, E) be an indecomposable graph and let X ~ V such that IX]/> 3, 
iV - XI >~ 2 and G(X) is indecomposable. Then there are a :b b ~ V - X such that 
G(Xw{a, b}) is indecomposable. 
It follows from this proposition that if G = (V, E) is an indecomposable graph such 
that PVI/> 5, then there is X ___ V such that G(X) is indecomposable and iV - X] = 1 
or 2. However, for every n ~> 0, there is an indecomposable graph G = (V, E) such that 
IVI >/n and satisfying for X __ V, if G(X) is indecomposable and if IXI >~ 3, then 
iV - X I is even (for example, consider the tournaments Th defined in [7]). Finally, 
Schmerl and Trotter [10] obtain the following result. 
Proposition 3. I f  G = (V, E) is an indecomposable graph such that iV[ ~> 7, then there is 
X ~_ V such that iV - XI = 2 and G(X) is indecomposable. 
We begin by stating the key result of this paper. 
Theorem 1. Let G = (V, E) be an indecomposable graph and let X ~_ V such that 
[X I ~> 3, IV -  X J ~> 6 and G(X) is indecomposable. Then there is Y ~_ V with the 
following properties: X ~_ Y, IV - YI : 2 and G(Y) is indecomposable. 
Before proving this theorem in Section 2, we will end this section with the following 
results which lead to a generalization of Proposition 3. 
Proposition 4. I f  G = (V, E) is an indecomposable graph such that IVI ~ 5 and if ae V, 
then there is X ~ V satisfying IXI : 4 or 5, a~X and G(X) is indecomposable. 
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This proposit ion is a direct consequence of the following 1emma, which we will 
demonstrate in the last section. 
Lemma 1. / fG  = (V, E) is an indecomposable graph such that IVI ~ 6 and if ae V, then 
there is X ~_ V such that X v ~ V, aeX,  IX] ~> 3 and G(X) is indecomposable. 
As a direct consequence of Proposit ion 4, we obtain the following improvement of 
Proposit ion 3. 
Corollary 1. I f  G is an indecomposable graph such that I VI ~> 11 and if a ~ V, then there 
is X ~ V such that aeX,  IV - XI = 2 and G(X) is indecomposable. 
We do not know if this corollary holds when ] V] < 11. 
2. Proof  of Theorem 1 
Before proving Theorem 1, we will introduce some notations and definitions. 
Definition 1. Let G = (V, E) be a graph and let X ___ V. 
(1) For every u~X,  we denote by X(u) the set of x~ V - X such that {u, x} is an 
interval of G(Xu{x}).  
(2) IX]  denotes the set of xe  V - X such that X is an interval of G(Xu{x}). 
(3) Ext(X) is the set of xe  V - X such that G(Xw{x}) is indecomposable. 
(4) The set, the elements of which are IX] ,  Ext(X) and the X(u)'s, for ue X, is 
denoted by p(X). 
(5) J(X) is the graph (V - X, E(X)) defined in the following way: let x ~ y e V - X, 
xye  E(X) when G(X~{x, y}) is indecomposable. 
(6) J * (X)  is the graph (V - -X ,E* (X) )  defined in the following way: if 
x ~ y~V-  X, then xyeE*(X)  when there are Y v~ Y'ep(X) ,  ao . . . .  ,a, eY ,  and 
bl, ... , b ,e  Y' such that a0 = a, a, = b and for i = 1 . . . .  , n, we have ai_lbi~E(X) and 
aibi e E(X). 
In the sequel, we will use the following 1emma demonstrated by Ehrenfeucht and 
Rozenberg [4] and by Schmerl and Trotter [10]. 
Lemma 2. (1) p(X) is a partition of V - X. 
(2) l f  a ~ [X ]  and if b ~ X(u), where u ~ X, then the.following assertions are equivalent: 
(i) ablE(X). 
(ii) X~{b} is an interval of G(Xu{a, b}). 
(iii) {b, u} is an interval of G(Xw{a, h}). 
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(3) I f  a~X(u) and if b~X(u), where u # veX,  then the following assertions are 
equivalent: 
(i) abCE(X). 
(ii) {a, u} is an interval of G(Xu{a, b}). 
(iii) {b, v} is an interval of G(Xu{a, b}). 
(4) I f  a ~ IX ]  and if b E Ext(X), then the following assertions are equivalent: 
(i) ab¢E(X). 
(ii) Xu{b} is an interval of G(Xw{a, b}). 
(5) I f  a E X(u) and if b ~ Ext(X), then the following assertions are equivalent: 
(i) ab¢E(X). 
(ii) {a, u} is an interval of G(Xu{a, b}). 
Now we are ready to prove Theorem 1. Let G = (V, E) be an indecomposable graph 
and let X _~ V such that IX] >~ 3 and G(X) is indecomposable. In a first stage, we will 
suppose that IV - X] ~> 4. First, some remarks: by Proposit ion 2(2), we can suppose 
that iV - XI is odd and it suffices to find Y _~ V such that Y :~ V, X _~ Y, [Y - X] is 
odd and G(Y) is indecomposable. In order to simplify the proof, we also assume 
that if Y is a subset of V such that X ~ Y and ]Y -  XI = 1 or 3, then G(Y) is 
decomposable (consequently, Ext(X) = 13). Under these conditions, we may state some 
obvious facts. 
Let U be the set o fx  ~ V - X such that for every y e V - X, we have either x = y or 
x :~ y and xyCE(X). We claim that U = 13. Indeed, V - (Uc~[X]) is an interval of 
G and for each ueX,  {u}w(X(u)c~U) is an interval of G. Our  claim follows from the 
fact that G is indecomposable. 
Now consider Y # Y'ep(X), ao . . . .  , a,~ Y and bo . . . .  , b ,e  Y' satisfying: for 
i ~ { 1, ... , n}, ai- lbl ~ E(X) and aibi ~ E(X). For each x e V - X,  if xai ~ E(X), where 
ie{1, ..., n}, then, since G(Xw{ai, bi, x}) is decomposable, xe  Y'. It follows, firstly, 
that J*(X) induces an equivalence relation on V - X and if we consider J*(X) as 
a partit ion of V - X, then, by definition of J*(X),  each element of J * (X)  is included in 
an element of p(X). Secondly, for each equivalence class Z of J*  (X), there is, at most, 
one equivalence class ~(Z)  of J*(X) satisfying: there are x e Z and y ~ q,(Z) such that 
xy ~ E(X). Moreover,  since U = 0, such a class q~(Z) exists. 
For  each equivalence class Z of J* (X), G(XuZwq~(Z)) is indecomposable. Indeed, 
if I is a nontrivial interval of G(XuZwcb(Z)), then I is included in Z or ~0(Z). 
Moreover,  every subset of Z (or ~(Z)), which is an interval of G(XwZu q~(Z)), is also 
an interval of G. Since G is indecomposable, G(XuZw~(Z) )  is also indecomposable. 
Finally, we complete the proof  of Theorem 1 distinguishing two cases. 
Case 1: Suppose that J ( X ) has at least three equivalence classes and that IV -X  ] >>. 4. 
As IV -X I  is odd, there is at least an equivalence class Z of J*  (X) such that ]Z u 4~(Z)] 
is odd. The subset Y = XwZw~(Z)  of V is such that G(Y) is indecomposable, X ~ Y, 
]Y -X]  is odd and, since J*(X) has at least three equivalence classes, Y # V. 
Case 2: Suppose that J*(X) has two equivalence classes Z and ~(Z) and now assume 
that IV-X]  ~> 6. If a # b ~ Z (or a # b e q~(Z)), then, by definition of J*(X), there are 
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n>~l, ao . . . . .  a,~Z and bl . . . . .  b,~eb(Z) such that ao=a, a ,=b and for 
ie{0, . . . ,n - i} ,  aibi+leE(X) and ai+Ibi~ ~eE(X). Let n be the first integer with 
respect to this property. F rom the choice of n, it follows that if 
xg:ye{ao, . . . ,a ,}W{bl , . . . ,b ,} ,  then xyEE(X) if and only if there is 
ie{0 . . . . .  n - l}  such that {x,y}={a~,bi+l} or {a,+~,bi+~}. If n~>2, then 
G(Xw{ao, a>az, bl, b2}) is indecomposable. Therefore we may assume that, if 
a :/: beZ, then there is a'eCb(Z) such that aa', ba'eE(X). 
If (a, a')eZ x ~b(Z) such that aa'eE(X), then let Z(a, a') be the set of beZ -{a} 
such that ba'eE(X) and let (~(Z)) (a,a') be the set of b'E~(Z)--{a'} such that 
ab'eE(X). Let M be the set of (a,a')eZxCb(Z) such that aa'eE(X) and 
Z(a,a')w(cb(Z))(a,a')w{a,a'}¢V-X. We claim that Me0.  Otherwise, for 
(a, a') e Z x q~(Z), we have aa' ~ E(X) in such a way that Z and ~b(Z) are intervals of G. 
Since G is indecomposable, M :~ 0. 
Let (a, a')eM and, for example, i fZ  4: Z(a, a')w{a}, let xeZ such that xa'¢E(X), if 
the subset Xw{a, a} of V is denoted by X', then Z(a, a') is included in X'(a) (see 
Definition 1(1)) and (cb(Z))(a, a') is included in X'(a'). Moreover,  if xcX(u), where 
u~X, (resp. if xe [X] ) ,  then xeX'(u) (resp. xe[X ' ] ) .  Consequently, if Z(a, a') and 
(eb(Z))(a, a') are nonempty,  then p(X') and so J*(X') has at least three equivalence 
classes in such a way that we may use the Case 1 for X'. Therefore, there is no loss in 
assuming that for every (a, a')em, we have Z(a, a') = 0 or (~(Z))(a, a') = O. 
Now we may prove that there is (a, a') e Z x q~(Z) such that aa' ~ E(X) and (a, a')~M. 
Consider (a, a') e Z x ~b(Z) such that aa' ~ E(X). Either (a, a')4~M or (a, a') ~ M and, for 
example, Z(a, a') = 0. In the second case, let b e Z - {a}. There is b' e ~b(Z) - {a'} such 
that aa', bb'eE(X). Since beZ(a, b') and since a' eZ'(a, b'), (a, b')¢M. 
So, there is always (al, bl)eZ x ~(Z) such that a~ba ~E(X) and (a~, b~)q~M. Either 
for all x e Z -{a~ } and y e q~(Z) -{b~ } we have xyCE(X) or there are a2 e Z -{a~ } and 
b2 ~ qb(Z) -- {bl } such that a2b2 ~ E(X) and, necessarily, (a2, b2)~M. Finally, we obtain 
two sequences al . . . .  , a, and bl . . . . .  b, such that 
- -  For  i e { 1 . . . . .  n}, ai ~ Z and bl ~ ~(Z). 
- -  If xeZ (resp. xecb(Z)) and if ie {1 . . . . .  n}, then xbieE(X) (resp. alxeE(X)). 
- -  If xeZ-  {al . . . .  , a,} and if ye~(Z) -  {b~ ... .  , b,}, then xyCE(X). 
If n >/2, then {al . . . . .  a,} is not an interval of G and there are i C je{1 ,  . . . ,  n}, 
ke{1 , . . . ,n} ,xeZ-  {al . . . .  ,a,} andye~(Z) -  {b~, . . . ,b ,}  such that {a,,aj} is not 
an interval of G(Xw{az, aj, bk, x, y}) and, consequently, G(Xw{ai, aj, bk, x, y}) is in- 
decomposable. If n = 1, then, since ]V--XI >~ 7, we may suppose that IZI ~> 4. 
Since Z -{a l  } is not an interval of G, there are x ¢ y e Z -{a~ } and z e q~(Z)-{b~ } 
such that {x,y} is not an interval of G(Xw{a~, b> x, y, z}) and, necessarily, 
G(Xw{a~, b> x, y, z}) is indecomposable. 
Remark 1. Theorem 1 does not hold when IV - x I = 5. Indeed, consider the graph 
G = (V, E) defined in the following way: V = {0, . . . ,  n}w{a, a', b, b', b"}, where 
n >~ 2, and E = {(0, 1), (1, 2) . . . . .  (n --1, n)}w{(a, 1), (a, b),(a, b'), (a', 1), (a', b'), (a', b")}. 
The graphs G and G(X), where X = {0,1, . . . ,  n}, are indecomposable. Moreover,  
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X(O) = {a,a'}, [X] = {b,b',b"}, J(X) = ({a,a',b,b',b"}, {(a, b), (b, a), (a, b'), (b', a), (a', b'), 
(b', a'), (a', b'), (b", a')}) and, therefore, J*(X) is the partition {{a, a'}, {b, b', b'}} of 
V - X. Now, we will prove that for each Y _ V such that X _c y and IV -Y I  -- 2, 
G(Y) is decomposable. If Y -X  = {b, b', b"}, then X is an interval of G(Y) in such 
a way that we may assume, for example, that a e Y. If b, b'¢ Y, then {0, a} is an interval 
of G(Y). So, we may suppose that {a, b} _~ Y or {a, b'} ~_ Y and, since V - {a', b'} is 
an interval of G(V - {a'}), we may also assume that b'¢Y. Finally, we have to consider 
the following three cases: Y -X  = {a, b, b'}, {a, a', b} or {a, a', b'}. However, in the 
first case, {b, b'} is an interval of G(Y), in the second one, {0, a'} is an interval of G(Y) 
and, in the last case, {a, a'} is an interval of G(Y). 
3. Proof of Lemma 1 
In this section, we will use mainly the following result. 
Lemma 3. Let G = (V, E) be a graph and consider X ~_ V such that IX[ >/3 and G(X) 
is indecomposable. Let x ~ y ~ V -X ,  if y ~ [X]  and if G(Xu {x, y }) is indecomposable, 
then there are u, v ~ X such that G({x, y, u, v})) is indecomposable, where possibly u = v. 
Let A be the set ofu~X such that {x, y} is not an interval of G({u, x, y}) and let B be 
the set of uEX such that {u, y} is not an interval of G({u, x, y}). Since ye  IX] and 
since G(Xu{x, y}) is indecomposable, byLemma 2(2) and 2(4), for each u ~ X, {u, x} is 
not an interval of G({u, x, y}). 
If u e A riB, then G({u, x, y}) is clearly indecomposable. Moreover, if u ~ X - (A~B), 
since {x, y}, {u, y} are intervals of G({u, x, y}) and since {u, x} is not an interval of 
G({u, x, y}), then either (x, u)~ E and (u, x)¢E or (u, x)~ E and (x, u)¢E. If, for instance, 
(x, u) ~ E, then (x, y), (y, u) ~ E and (y, x), (u, y)¢E. Since G(Xu {x, y}) is indecomposable 
, x¢[X] and there is v ~ X such that either (v, x) ~ E or (x, v), (v, x)¢E in such a way that 
G({v, x, y}) is indecomposable. 
Now assume that {A, B} is a partition of X. As G(Xu{x, y}) is indecomposable, 
Au{x,  y} is not an interval of G(Xu{x, y}) so that there is v~B such that Au{x,  y} is 
not an interval of G(Aw {v, x, y}) and, consequently, there is u ~ A such that {u, x, y} is 
not an interval of G({u, v,x,y}). Finally, considering all the proper subsets of 
{u, v, x, y}, it may be verified that G({u, v, x, y}) is indecomposahle. 
Proof of Lemma 1. Firstly, suppose that there is Y __ V such that G(Y) is indecom- 
posable and ]V -Y[  = 2. We may assume that a~Y. If a E Ext(Y) (resp. a ~ Y(u), where 
ue Y), then we may choose X = Yu{a} (resp. X = (Y - {u})u{a}). I fa~ [Y], then it 
suffices to apply Lemma 3. 
Secondly, assume that for each Y _ V such that IV -Y[  = 2, G(Y) is decomposable. 
By Proposition 3, [VI = 6 and, therefore, for each Y __ V, if G(Y) is indecompos- 
able, then [Y[ = 3 or 5. By Proposition 2(1), there is Y _~ V such that G(Y) is 
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indecomposable and IYI = 3 or 4 so that IYI : 3 and Ext(Y) = 13. Similarly, we may 
suppose that ag~Y and aq~Y(u), for every u ~ Y, in such a way that a e [Y ] .  By Lemma 3, 
we may also assume that i fx e V - (Yu  {a}), then G(Yu{a, x})is decomposable so that 
i fxe  V - (Yu[Y] ) ,  then, by Lemma 2(2), Yu{x} is an interval of G(Xvo{a, x}). Since 
G is indecomposable, Y and V-{a}  are not intervals of G so that there are 
b ~ c ~ V - (Yu{a})  such that c e [Y]  and b ~ Y(u), where u E Y. By Proposit ion 2(2), 
necessarily, G(Yw{b, c})is indecomposable and if Z = (Y -{u})u{b},  then c~[Z]. As 
Yvo{b} is an interval ofG(Yvo{a, b}), a e [Z] ,  and, since V - {a} is not an interval of G, 
Zu{c} is not an interval of G(Zu{a, c}) so that, by Lemma 2(2) and 2(4), G(Zu{a, c}) 
is indecomposable and we may use Lemma 3. 
Remark  2. Clearly, Proposit ion 4 is a direct consequence of Lemma 1 and we 
may note that Proposit ion 4 does not hold if the condition IXI = 4 or 5 is replaced 
by IX1 = 3 or 4. Indeed, consider the graph G =(V ,E)  defined as follows: 
V = {0, 1,2, 3}W{ao, . . . ,  a,, ... }u{b~, . . . ,  b . . . . .  } and forx  ~ y~ V , (x ,y )~E in  the 
following cases: 
- -  {x ,y}  = {0, 1} ,{1 ,2}  or {2 ,3}.  
- -  There is n ~> 0 such that {x, y} = {a,, 1} or {a,, 2}. 
There is n >/ 1 such that {x, y} = {a,, b, }. 
- -  There are m ~a n >/0 such that {x, y} = {am, a,}. 
Consider the following subsets of V: Xo = {0,1,2,3,  ao} and for n >~ 1, 
X, = XovO{al, bl . . . . .  a.,b,}. For  n ~> 1, a. eX,  l(ao) and b,e[X,-1] so that, since 
G(Xo) is indecomposable, by Lemma 2(2), we may demonstrate by induction on n t> 0 
that G(X,) is indecomposable. 
Now we will prove that for every X c_ V, if IX[ = 3 or 4 and if aoeX,  then G(X) 
is decomposable. As for x ~e y e V, either (x, y), (y, x) ~ E or (x, y), (y, x)¢E, if W <_ V 
and if lWI = 3, then G(W) is decomposable so that we may assume that IX I = 4. For 
n~>l ,  {ao, a,} is an interval of G(V-{b,})  and V-{a , ,b ,}  is an interval of 
G(V - {a,}) in such a way that we may suppose that either X _ Xo or there is n >~ 1 
such that Xc~{al .. . .  , am, ... } = {a,} and Xn{bl,  . . . ,  b . . . . .  } = {b,}. In the first 
case, it suffices to verify that {1, ao} is an interval of G({1, 2, 3, ao}), {2, 3, ao} is an 
interval of G({0, 2, 3, ao}), {0, 1, ao} is an interval of G({0, 1, 3, ao}) and {2, ao} is an 
interval of G({0, 1, 2, ao }). In the second case, X = {ao, a,, b,, u}, where u e {0, 1,2, 3 }, 
either u e {1, 2} and {u, ao} is an interval of G(X) or u e {0, 3} and {ao, a,, b,} is an 
interval of G(X). 
In conclusion, for n ~> 0, the graph G(X,) is indecomposable and for every X _ V, if 
IXI = 3 or 4 and if aoeX, then G(X) is decomposable. 
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